Abstract. Motivated by the notion of reduced enveloping algebra, we introduce central reductions of universal enveloping Dalgebras of restricted Lie algebroids. In the case of a tangent Lie algebroid the central reductions are sheaves of twisted crystalline differential operators.
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Abstract. Motivated by the notion of reduced enveloping algebra, we introduce central reductions of universal enveloping Dalgebras of restricted Lie algebroids. In the case of a tangent Lie algebroid the central reductions are sheaves of twisted crystalline differential operators. For a nilpotent p-character of a classical semisimple Lie algebra, we discover a connection between the reduced enveloping algebra and the sheaf of twisted crystalline differential operators on the Frobenius neighborhood of the Springer fiber of the p-character.
In positive characteristic, a relation between g-modules and D-modules on the flag variety X involves more complicated rings of twisted differential operators. The basic ring of differential operators related to g-modules is the ring of crystalline differential operators, i.e., the enveloping D-algebra U(T X ) of the Lie algebroid T X of vector fields. We examine its quotients obtained by reducing the center, more precisely the p-part of the center which is the sheaf of functions on the Frobenius twist of T * X. A closed subscheme Y of X and a section ω of T * X over Y define a subscheme ω(Y ) (1) of T * X (1) , hence a quotient D ω Y of U(T X ). For χ ∈ g * , using a Springer fiber Y = X χ and a section ω over Y , one defines a sheaf of twisted differential operators
This is a localization of the quotient U χ of U(g) defined by χ.
We start by discussing Frobenius twists in section 1. A construction of a central reduction of the universal enveloping D-algebra is introduced in section 2. We study crystalline differential operators in section 3, proving in Theorem 3.3.1 that crystalline differential operators form a locally matrix algebra over the twisted cotangent bundle. We examine the flag variety of a classical semisimple Lie algebra g in section 4. There we prove the main result of the present paper (Theorem 4.1.3), giving a direct link between the Springer fiber of χ ∈ g * and the reduced enveloping algebra U χ (g).
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It was an idea of J. Humphreys that representation theory of U χ (g) should be related geometry of Springer fibers. This idea was recently supported by [5, 6, 7, 4] alongside with the present paper. 0.0.1. For an affine S-scheme S q −→ S, we denote O S/S def =q * O S . The inverse image for O-modules is denoted f
• . We denote T X and T * X the sheaves of sections of the (co)tangent bundles T X and T * X.
Frobenius twist
1.1. Frobenius twists X (n) of X. Let K be a perfect field of characteristic p > 0. Let X be a scheme over K. Let X (n) be the scheme that coincides with X as a scheme (i.e. X (n) = X as a topological space and O X (n) = O X as a sheaf of rings), but with a different K-structure:
The positive twists require a p-th root operation, which exists since K is perfect. Frobenius maps of K-schemes
are identities on topological spaces but the functions are raised to the p-th power.
1.1.1. Let F be an O X -module and G be an O X (1) -module. Since Fr X is identity on the topological space X = X (1) , (Fr X ) * F = F and (Fr X ) * G = G as sheaves but the K-structure changes. For Omodules, (Fr X ) • F = F as a sheaf but considered as an O X (1) -module and Fr
G.
Taking into account that (Fr
with the corresponding subsheaf of O X .
Frobenius neighborhood
. It is a subscheme of X that contains Y and (n) has a natural structure of a vector space over K, with the same kind of a twist a ·
. This is the same as a linear map
is a vector bundle over X (1) and the fiber at a ∈ X is (
Therefore, we have a canonical isomorphism of vector spaces (V * )
with (V (1) ) * . We summarize some properties of the Frobenius twist of a (co)tangent space in the following lemma.
as an additive group, and on the level of K-
* and (a). Explicitly, the map is: 
2. Central reductions of the universal enveloping D-algebra of a restricted Lie algebroid 2.1. Restricted Lie algebroids. Let L be a smooth restricted Lie algebroid over a scheme X [7] .
2.1.1. To recall a definition, L is a locally free O X -module with a structure of a sheaf of restricted Lie algebras over K and a map of sheaves L → T X which is a map of O X -modules and of restricted Lie algebras (hence Lie algebra L acts on O X by derivations), such that
2.1.2. Examples. If X is a smooth algebraic variety then the tangent sheaf T X is a restricted Lie algebroid. An action of a restricted Lie algebra g on a scheme X gives rise to an action Lie algebroid L = O X ⊗ g. If G is a groupoid over X then the normal sheaf N G|X is a restricted Lie algebroid [1, 7] .
2.1.3. We assume that L is the sheaf of sections of a vector bundle L over X, hence one has maps of vector bundles L → T X and T * X → L * . 
Recall that a
2.1.5. Being a part of a Lie algebroid structure, the map of Lie algebroids L → T X gives rise to a map of universal enveloping algebras
is generated by the image of ι and O X (1) . The map of en-
This is a quotient of U(L) obtained by imposing f p = 0 for all f ∈ I Y . We can think of it as the universal enveloping
We can restrict a Lie algebroid to the Frobenius neighborhood X Y because for vector fields (and for the crystalline differential operators), X Y behaves as an open (hence smooth) subvariety of X.
Let Y be a closed subscheme of
X, ω a section of L * over Y , and Y = ω(Y ) a closed subscheme of L * |Y . We consider a central reduction U ω Y = U(L)|ω(Y ). Clearly, U ω Y (L) = U Y (L) ⊗ O L * (1) /Y (1) O ω (1) (Y (1) )/Y (1) .
This is a quotient of U Y (L) obtained by imposing ι(l)
2.3. Examples. We specify some examples of central reductions.
2.3.1. Reduced enveloping algebras. Let X be a point over K. Then L = L is a restricted Lie algebra and z L is a polynomial algebra, naturally isomorphic to the function algebra on L * (1) .
2.3.2.
Crystalline Differential Operators. Let X be a smooth algebraic variety. If L = T X is the tangent sheaf then U(T X ) is the sheaf of crystalline differential operators (or P.D. differential operators as they are called in [2] ). To clarify this comment, let ∆ be the diagonal in X ×X. The formal neighborhood ∆ is a formal groupoid over X. Differential operators on X form a sheaf dual to the sheaf on X of functions on ∆. Similarly, the divided powers formal neighborhood ∆ of ∆ is a groupoid over X. U(T X ) is a sheaf dual to the sheaf on X of functions on ∆ as explained in [2, 8] . 
"Twisted" differential operators
For a smooth algebraic variety X, we study the sheaves of twisted differential operators
Subalgebras of U(T X
).
We have already introduced
3.1.3. Proof. We assume that X has local parameters
so for each I and k one has I k · f I = 0. Therefore, if I is not divisible by p, f I = 0. 2 3.1.4. Lemma. Inclusion of the commutative subalgebra A X = O T * ,1 X/X ⊆ U(T X ), localizes to an inclusion of sheaves of rings O T * ,1 X ⊆ U(T X ) on T * ,1 X.
3.1.5. Proof. U(T X ) is a bimodule for A X . As such, it has two localizations to T * ,1 X, however these can be naturally identified and the resulting localization is then an algebra sheaf. This follows from the Ore condition ("each s −1 a is equal to some bt −1 "), which holds for differential bimodules (for instance,
, a ∈ X and ω ∈ T * a X (1) (we identify K-points of X and X (1) by F r X ). Let
using the character of z X corresponding to the image of ζ in 
Using coordinates centered at a we have a i = o. Irreducibility of δ 
3.3. Local structure.
3.3.1. Theorem. Consider U(T X ) as an A X -module (U(T X )) A X via the right multiplication. The left multiplication by U(T X ) and the right multiplication by A X give an isomorphism
4.1.2. Thinking that the flag variety X of g consists of Borel subalgebras b, we define a closed, usually non-reduced subscheme X χ of X by equations χ| b = 0. This subscheme will be called a Springer fiber of χ.
There is a sectionχ of T * X on X χ determined by χ. For a Borel subalgebra b ∈ X, T *
is welldefined whence χ vanishes on b.
If π : T * X → g * is the moment map then χ(X χ ) = π −1 (χ) is a closed subscheme of T * X isomorphic to X χ . Let us denote Dχ X χ by D χ .
4.1.3. Theorem. D χ is isomorphic to U(T X ) ⊗ U (g) U χ (g) as a sheaf of algebras over X.
4.1.4.
Proof. We write X (Y ) for O Y (1) /X (1) and K χ emphasizing that a homomorphism to K is given by a point χ. 
M.
This functor behaves particularly well on the subcategory U χ (g)−Mod 0 so that we propose the following 4.2.2. Problem. Derive ∆ from the left to obtain an isomorphism of Abelian groups
4.2.3. Comment. Although U χ (g) has an infinite global dimension, a certain quotient algebra A of U(g) may exist such that
where P k → · · · → P 0 → M is a projective resolution of M in the category of A-modules.
